CANCELLATION OF MODULES AND GROUPS AND STABLE RANGE OF ENDOMORPHISM RINGS R. B. WARFIELD, JR.
In this paper, various cancellation properties for a module are shown to follow from facts about the stable range of its endomorphism ring, and a number of applications to the structure of modules, Abelian groups, and complex tori are given.
In the first section we introduce a property which we call the n-substitution property for a module, which holds if and only if the integer n is in the stable range of its endomorphism ring. Direct sums and summands of modules with this property are studied, and a slight generalization of Vasershtein's theorem on the stable range of matrix rings is obtained. In the second section two strong cancellation properties for a module are shown to be equivalent to one being in the stable range of its endomorphism ring, and an application is obtained concerning modules whose endomorphism ring modulo its radical is von Neumann regular. Bass showed that if S is a commutative J-Noetherian ring of /-dimension d, and R is a finite S-algebra, then d + 1 is in the stable range for R. If S is not Noetherian, this is not a strong enough result to apply to endomorphism rings, and it is improved in the third section to say that the endomorphism ring of any finitely presented module over such a ring has d + 1 in the stable range. In section four are two stronger results, one concerning finitely presented modules over rings of Krull dimension one in the classical sense (in terms of chains of prime ideals) and the other concerning projective modules over rings having Krull dimension one in the noncommutative sense. The final section contains several applications to torsion-free Abelian groups, modules over valuation rings, and complex tori. It is shown that a torsion-free algebra of finite rank over a semilocal principal ideal domain or over a (possibly non-Noetherian) valuation ring has one in the stable range. This implies cancellation theorems for torsion-free Abelian groups of finite rank satisfying certain divisibility conditions and also for torsion-free modules of finite rank over a valuation ring. It is shown that two is in the stable range for any torsion-free algebra of finite rank over a principal ideal domain. As an application, it is shown that two torsion-free Abelian groups , δ r _ x in E such that (α x + a r b l9 , α r _i + a τ b r -^) is right unimodular. THEOREM 1.6 . The following properties are equivalent for a ring E with identity, and an integer n, n > 0.
For every right unimodular row (a l9 •• ,α r ), (r > n) of elements of E, there are elements b l9
, b r -x in E such that (di + a r b l9 , a r -! + α r 6 r _!) iβ right unimodular. , ^-J is r REMARK. Condition (3' ) is dual to condition (3) and can be obtained from (3) by changing the split epimorphism to a split monomorphism and making other changes accordingly. We chose not to emphasize the duality because the present statement seems clearer. Throughout this theorem we have restricted ourselves to right modules with endomorphisms acting on the left, but because of the symmetry of the results, one does not have to be careful about how the endomorphisms act.
If A is a right module over a ring R and E is the endomorphism ring of A (acting on the left) then A has the n-substitution property. 3'. If A is a right module over a ring R and E is the endomorphism ring of A (acting on the left), and if M is a right
We isolate part of the proof of the theorem for later reference.
LEMMA 1.7 . If E is a ring and (α lf , a r ) a right unimodular row in E, then conditions (1) and (2) Proof of theorem. Lemma 1.7 shows that (1) and (2) are equivalent as are (1') and (2'). We next show that (2) 
implies (3). If π = (π l9
, π n9 /): A φ φ A φ H-> A is a split epimorphism, and Φ = (^i» * > ^ ΰ) : A -> A φ φ A φ H is a splitting, then πφ = 1, so TΓ^i + + 7Γ.0, + /flr = 1. We apply (2) to the right unimodular row (π lf --, π n , fg) in E, obtaining elements W t (l ^ i ^ n + 1) such that (Ψ u -, ΨJ is left unimodular and π^ + + π,?Γ Λ + (fg)Ψ n+ι = 1. We let SΓ: A -> (©? βl A) φ H be defind by Ψ -(f x , •••,?"« flr?". + i). Ψ is clearly a right inverse for π. Since (fΊ, , ΨJ is left unimodular, there are elements θ t of E such that 0^+ hθJF n = 1. We now find another left inverse for ?Γ, namely the map θ = (θ u , θ n , 0): (θ* % =i A) φ ίί-> A. Clearly, Ker(0) = L®H where L£(flk=i A), and we have proved that A has the ^-substitution property.
We next show that (3) implies (2) . We regard the right unimodular row (a l9 , α r ) of elements of E as a split epimorphism (φΓ=i A)-+A. A splitting is given by a row (x lf , x r ) of elements of E such that ][>A = l Condition (3) says that we can find such a row, such that if φ is the corresponding homomorphism A -> (θί=i A)f then there is a submodule L £ (φ? =1 A) with φΓ=i A = (A) φ L φ (®i=»+iA). If ^ has this property, then φ has a left inverse /9 such that Ker(/3) = L0 (φΓ^+i A). Such a β: φl =1 A -> A is given by a row of the form (b l9 , b n9 0, , 0). Hence (cc lf ••-,»") is left unimodular, which proves (2) .
The equivalence of (Γ), (2 ; ) and (3') is directly parallel to that of (1), (2) and (3) (in fact, they are the same statements in the opposite ring), so the theorem will be proved if we can show the equivalence of (2) and (2'). The proof that (2) and (3) are equivalent makes it clear that A has the ^-substitution property if and only if A has this property in the special case in which H = A. Similarly, in establishing property (3'), we may assume H = A. We therefore let M = A, 0 -φ A n+1 = ΛΘA with A, = A, (0 ^ i n + 1), we assume A has the w-substiution property, and we prove that condition (3') holds, that is, there are submodules 
This verifies that condition (3') holds for A. In particular this shows that (2) implies (2'), and passing to opposite rings, this implies that (2') implies (2), so we have completed the proof of 1.6. COROLLARY 
If M is a module with endomorphism ring E, then the following properties are equivalent:
(1) M has the n-substitution property.
(2) E has the n-substitution property (as an E-module).
(3) E has the n-substitution property in the category of finitely generated protective E-modules. This is clear from the above theorem and its proof. The ^-substitution property therefore resembles the finite exchange property, for which the equivalence of (1) and (2) is proved in [37] , and the equivalence of (1) and (3) follows from the proof of the main theorem in [25] . 
A n . Letting A, -Bi 0 C u with Bi = B, Ci = C, (0 <^ i ^ τ&), and applying the ^-substitution property for J5, we obtain submodules B' QM and V Q B λ 0 • Φ 2?» such that
Using these decompositions, and applying the ^-substitution property for C, we obtain submodules, C Q M and L" REMARK. If a module M has the 1-substitution property, then so does any summand of M, as is shown in Puchs [9] . It follows that the property of having 1 is the stable range is a Morita invariant of rings. This is not the case with the higher stable range conditions, as was first pointed out by Vasershtein in [34] . Vasershtein gives a formula for the stable range of a matrix ring which implies that if R is a ring and n is in the stable range for R, then 2 is in the stable range for M n -± (R). The module theoretic approach gives a smoother treatment of this along with a slight generalization. 
Since JS n iVC (J5© C)niV, this formula implies that
Since this holds for any such AT, we conclude that A has the m + 1 substitution property, so m ^ ^ -1, as desired.
To REMARK. The properties described in (iii) and (iv) are sometimes called (respectively) the common complement and substitution properties. The substitution property was introduced by Fuchs in [9] . The substitution property had previously been established by Crawley [5] for countable p-groups with finite Ulm invariants. Fuchs showed in [9] that a quasi-projective module A has the substitution property if and only if its endomorphism ring does as a module over itself, a result which 2.1 and 1.6 show holds for all modules. Theorem 2.1 can be thought of as an elaboration of Evans's theorem [8] that a module has the cancellation property if its endomorphism ring has one in the stable range.
Proof. Theorem 1.6 shows that (i) and (ii) are equivalent. We assume (ii) and let the projection onto A 2 be the split epimorphism, and we obtain a splitting φ such that M -φ(A) ®Q (&H with φ{A) = A and φ(A) ®Q = A. To show Q = 0, it suffices to show that A cannot be isomorphic to a proper summand of itself. This is clear if we take the isomorphism φ(A) 0Q -> A as our spilt epimorphism and apply the 1-substitution property again. This shows that (i) implies (iv), and the converse is trivial. The fact that A has no proper summands isomorphic to itself is equivalent to the statement that one-sided units in E are units, which (together with 1.6) shows that (ii) implies (iii), the converse again being trivial from 1.6. This completes the proof of 2.1.
One may define a cancellation ring to be a ring E such that every module with endomorphism ring isomorphic to E has the cancellation property. No examples of cancellation rings are known which do not have 1 in the stable range. There are, however, modules with the cancellation property whose endomorphism rings do not have 1 in the stable range-the best example being Z-the infinite cyclic group, [4, 35] . However, if A is a noncyclic subgroup of the additive group of rationals such that End(A) = Z (there are many such) then A does not have the cancellation property (see 5.5 below), so Z is not a cancellation ring.
The next result is a well known result due to Bass ([3, Lemma 6.4]) which we include for reference, and because an amusing proof is now available. LEMMA 
(Bass [3]). If E is a ring such that E/J(E) is
Artinian then E has one in the stable range.
Proof The property clearly holds for E if and only if it holds for E/J(E), so we may assume that E is Artinian and semi-simple. E is then a product of simple rings, and the behavior of the formulae involved shows that we may assume that E is simple. E is then a matrix ring over a division ring. Lemma 1.9 shows that it will suffice to establish the result when E is a division ring, which is trivial.
The next lemma is an easy application of 2.2, and is a special case of [13, Prop. 12(a) and Thm. 18]. However, its proof is much easier than that in [13] , and it is needed frequently below, so we include a proof. LEMMA 
Let S be a commutative ring with only a finite number of maximal ideals and let R be an S-algebra which is finitely generated as an S-module. Then if A is a finitely generated R-module, with endomorphism ring E, then EjJ{E) is Artinian, so one is in the stable range for E and A has the substitution and common complement properties.

Proof. Let K be the kernel of the natural map E->Έnd s (A/ AJ(S)). E/K is an S/J(S)-subalgebra of End s (A/AJ(S)). Since S/J(S)
is a finite product of fields, and A/AJ(S) is a finitely generated S/J(/S)-module, we see that E/K is Artinian, so all we need to show is that KQJ(E).
If fe K, the 1 -/ is surjective modulo J(S), and hence is surjective by Nakayama's lemma. Since A is finitely generated over the commutative ring S, it follows from Vasconcelos' lemma [33] 
that 1 -/ is monic. This shows that 1 -/ is an automorphism for all feK, so KQJ(E).
This generalizes a result of Evans' in [8] in which S is a Noetherian local ring. In [13] , a more general result is obtained, in which it is only required that S/J(S) is von Neumann regular and that for each maximal ideal M of S, R M is finitely generated as an S M -module.
A reading of the proof of Bass's lemma given by Swan in [31, 11.8] shows that if R is von Neumann regular and if R has the internal cancellation property (R R -iφ B -C φD and A ~ C imply B = D) then R has one in the stable range. Conversely, if R has one in the stable range then our previous results and the fact (due to Fuchs [9] ) that the substitution property is inherited by summands implies the internal cancellation property. This observation is due to Kaplansky (unpublished) and Fuchs [9] . A ring is unit regular if for every xeR, there is a unit u with xux -x. In [16] is a proof, due to Kaplansky, that a regular ring is unit regular if and only if it has one in the stable range. These remarks summarize the known results on the stable range of von Neumann regular rings, and lead to the next result. THEOREM 
Let E be a ring with radical J such that idempotents modulo J can be lifted and E/J is von Neumann regular.
Then the following properties of E are equivalent:
is in the stable range for E. (iii) every module whose endomorphism ring is isomorphic to E has the cancellation property, (iv) there exists a ring R and an R-module M such that End(ikf) = E and M has the cancellation property.
REMARK. This shows that at least for these rings, the cancellation property is equivalent to the substitution property.
Before proving this theorem we need some terminology and a lemma. We recall that an additive functor F:
These hypotheses imply F(X®Y)F (X)®F{Y)
and that X has the cancellation property in s$f if and only if F{X) does in &', and similar statements. LEMMA 
Let M be a module, E its endomorphism ring, J the radical of E, and suppose that E/J is von Neumann regular and that idempotents modulo J can be lifted. Then there is a weak representation equivalence from the category of summands of finite direct sums of copies of M to the category of finitely generated protective E\J-modules.
Proof. We first note that the functor taking N R to Hom(M, N) E is category equivalence (with inverse taking P E to P E (g) E M B ) from the category of summands of finite direct sums of copies on M to the category of finitely generated projective JS'-modules. The functor from projective J5-modules to projective E/J modules takes P to P/PJ. A standard argument (as in [31, 2.26]) shows that if P/PJ = Q/QJ then P ^ Q (if P and Q are finitely generated projective jB-modules), so we need only show that for every finitely generated projective E/J-moάxήe Q there is a finitely generated projective U-module P with P/PJ=Q.
Since every projective E/Jmodule is a direct sum of idempotent generated ideals [21] , it is enough to verify this when Q = e(E/J) for some idempotent eeE/J. By the idempotent lifting hypothesis, we may assume that e is an idempotent of E, in which case we can let P = eE.
Proof of 2.4. It is clear from our previous remarks that (i) and (ii) are equivalent, and that (ii) implies (iii), which implies (iv). We therefore show (iv) implies (i). By the lemma, if M has the cancellation property, then E/J does in the category of finitely generated projective i?//-modules. Let E/J = 40B = C0D, with A = C. Adding a copy of B to both sides, we obtain E/J 0 B Ẽ /JQ)D. Hence, if M has the cancellation property, B = D, so E/J has the internal cancellation property. As we previously remarked, this is equivalent to the statement that E/J is unit regular. COROLLARY 
If M is a quasi-injective module and E its endomorphism ring, then the following properties are equivalent: (i) M has the cancellation property, (ii) M has the substitution property, (iii) M has the internal cancellation property, (iv) E/J(E) is unit regular, (v) M is not isomorphic to a proper summand of itself.
Proof. If M is quasi-injective, it is well known (see for example [11, 2.18 and 2.21] ) that E/J(E) is von Neumann regular and that idempotents modulo J(E) can be lifted. This and the previous theorem imply the equivalence of (i), (ii), (iii), and (iv), none of which depend on any other property of quasi-injective modules, (iii) trivially implies (v). (v) implies (i) for quasi-injective modules by [11, 6.20] .
3* Stable range theoretns for endomorphism rings* A number of theorems are known which assert that certain rings have certain integers in the stable range. In [3] , Bass showed that if S is a commutative J-Noetherian ring of J-dimension d and R is a finite S-algebra then d + 1 is in the stable range for R. When S is not Noetherian the endomorphism ring of a finitely generated S-module (or i?-module) need not be finite over S, so we need a new result. In this section, Bass's result is extended to the endomorphism rings of finitely presented iϋ-modules. REMARK. This is a slight generalization of a lemma of Swan's [30, Lemma 4] which generalizes a lemma due to Bass. Swan's lemma would suffice for this section, but we will need the more general result in the next section.
Proof, There is a submodule B £ x 2 R such that A = x x R 0 B. We first find an element b e B, such that A = (x ± + b)R. Proceeding by induction on the length of B, it suffices to show that we can find such a 6 with a(x x + b) > a(x) (where a(x) is the right annihilator of x). Since a(x t + 6) = φi)Πα(δ), this will be possible unless α(&i) £ α(J3), where α(B) is a two-sided ideal. If this happens, we will show B = 0. Since .Aα(I?) £ xji, we may pass to A/Aa(B) and, in effect, assume a(B) -0. In this case, a(x x ) = 0, so ^JB = i?. Hence our ring R is actually semi-simple Artinian, and A~R R ®B, which, since A is cyclic, clearly implies B -0.
Finally, if u is a central unit of R, then multiplication by u gives an automorphism of any i?-module, so the map of A into itself taking rx 1 + y {y^B) to rx x + yu is an automorphism, and therefore takes the generator x ι + b to another generator, a? x + ίm. This completes the proof of 3.1.
LEMMA 3.2. A ring E has n in the stable range if and only if for every cyclic module A and elements a t € A, 1 <^ i 5^ r where r > n, such that A = aJE+
+a r E, there are elements 6* e E,
Proof. This is essentially Bass's proof from [3, 4.1] that if n is in the stable range for E then it is in the stable range for homomorphic images of E. We assume that A = E/I, where I is a right ideal, and that n is in the stable range for E. lί a t = c t + I then there is an element c r+1 e I such that (c u , c r , c r+1 ) is right unimodular. Since n is in the stable range for E, there are elements diβE, 1 <£ i ^ r such that (c x + c r+1 d u , c r + c r+1 d r ) is a right unimodular row. Since I is a right ideal, c, + c r+1 d < is in the same coset as c t , so, in effect, we may assume that the original elements c t form a right unimodular row. The result now follows immediately, by again applying the stable range condition. 
Proof.
Note that if t e T and xq + ys -t in S, then qeT (since if We recall that a J-ideal of a commutative ring is an ideal which is the intersection of maximal ideals, and that J-prime is a prime J-ideal. A commutative ring S is J-Noetherian if it satisfies the ascending chain condition on J-ideals, in which case every J-ideal is the intersection of a finite number of J-primes. The J-dimension of S is the maximum of the lengths of chains of J-primes, and the J-height of a J-prime P is the maximum of the lengths of chains of J-primes contained in P. The following result generalizes Bass's theorem in [3] that if S is a commutative J-Noetherian ring of J-dimension d and R is a finite S-algebra, then d + 1 is in the stable range for R. The main difference of technique between the proof that follows and previous proofs of related results is that we are forced to use induction on a sequence of localizations rather than on homomorphic images. THEOREM 
Let S be a commutative J-Noetherian ring of J-dimension d and R an S-algebra suck that for all J-primes P of S, R P is a finite S P -algebra. Let Abe a finitely presented R-module and E the endomorphism ring of A. Then d + 1 is in the stable range for E. Proof Let (a l9
, a r ) be a right unimodular row (r > n) and L the set of elements of S not contained in any minimal J-prime (i.e., J-prime of height zero). The maximal ideals of L~XS are precisely the ideals extended from the minimal J-primes of S (by [31, Lemma 12.9 and Prop. 5.5] or [22, Thms. 34 and 81]), from which it follows that (L^S) has only a finite number of maximal ideals. Since A is finitely presented, 
We now let T = {t e S: for some x and y in S, tx + sy -1}. An examination of Lemma 3.3 shows that s eJ (T~ιS) , and that the lattice of J-primes of T~ιS is on one-to-one correspondence with a sublattice of the J-primes of S which does not contain any of the primes of J-height zero. It follows that T -1 S is again J-Noetherian and of smaller J-dimension than the J-dimension of S. Using finite presentation again, we see that T~ιE = H£ina T -i R (T~lA), so we may use induction on the J-dimension to infer that d is in the stable range for T~ιE. Now E/sE = T'XE/sE), since every element of T acts as a unit on E/sE (from the definition of T). Hence E/sE = T-Έ/sT-Ή, so E/sE is a homomorphic image of T~ιE, and hence has d in the stable range (by 3.2 or [3, 4.1]). Since a ± E^sE, ElaJS is a cyclic module over a ring with d in the stable range. Using 3.2 again, we can find elements b ί9 (1 < i < r) of E such that ElaJS is generated by the images of the elements α* + a r b i9 1 < i < r. It follows that (a lf a 2 + a r b 2 , , α r _ x + α r 6 r -i) is a right unimodular row, which completes the proof of the theorem. (Note that the apparent asymmetry b x -0 is produced by the fact that we started out by altering α lβ )
If the ring S is a domain and the module in question is torsionfree, then the finite presentation requirement can be relaxed. We note first a general lemma. LEMMA 
Let A be a finitely generated module over an algebra R over a commutative ring S, T a multiplicatively closed subset of S, and B a finitely generated R-module such that if xeB and xt -0 for some te T then x = 0. Then the natural map
is an isomorphism.
Proof. If φ is the natural map and φ{f) = 0 then f(A) Q{xeB:
for some teT 9 tx = 0}. By hypothesis, /= 0 so φ is injective. Let #eHom(T~M., T^B) and let {x ly •••,«*} be a set of generators for A. If g(x 4 ) -y,/** (with y i GS, ίi e Γ) and t is the product of t u then (fflO(A) £ ΉB), where ψ: B-* T~ιB is the natural map (which, in this case, is injective). If h: A->B is defined by h{x) = tg{x), then clearly g = φ(h/t), so # eφ (T~1Ή.om(A, B) ). This shows that φ is surjective. THEOREM 
Let S be a commutative J-Noetherian domain of J-dimension d and R an S-algebra such that for all J-primes P of S, R P is a finite S P -algebra. Let A be a finitely generated R-module which is torsion-free as an S-module, and E the endomorphism ring of A. Then d + 1 is in the stable range for E.
Proof. The proof is the same as that of 3.4, using S-torsionfreeness and Lemma 3.5 instead of finite presentation. This is the most general result known to the author about the stable range of endomorphism rings. Some more specialized results concerning endomorphism rings with two in the stable range are in the following two sections. Stafford's previously mentioned stable range theorem [28] includes, in particular, fully bounded Noetherian rings, and we present a generalization of this which also includes the classical examples of finite algebras over commutative J-Noetherian rings (but, as far as we can tell, does not include the result of 3.4). We need first a lemma to replace 3.1. The following lemma was obtained independently by the author [39] and Stafford [28] . LEMMA 
Let R be a semi-prime right Goldie ring, aeR, and I a right ideal such that aR + / is an essential right ideal. Then there is a be I such that (a + b)R is essential.
THEOREM 3.8. Let R be a ring and J an ideal contained in the Jacobson radical of R such that R/J is a semiprime right Goldie ring. Assume that R/J is bounded (that is, every essential right ideal contains an essential ideal), and that for every essential ideal I of R/J, (R/J)/I has d in the stable range, where d is some integer, d^l.
Then R has d + 1 in the stable range.
Proof. We may assume / = 0. If (a lf •••, a r ) is a right unimodular row, then by 3.7 there is a weajt H f -a r R such that (e&i + w)R is essential. By the argument in the second paragraph of the proof of 3.4, we may replace a x by α x + w, and assume that a λ R is essential. In this case, a x R contains an essential ideal /, and R/diR may be regarded as a cyclic ϋ?/I-module. Just as in the proof of 3.4, an application of Lemma 3.2 completes the proof. In a mild extension of the previous theory to the noncommutative case, we will consider rings R such that for every simple module S, R/a(S) is Artinian, where a(S) is the annihilator of S. In such a ring, the radical is the intersection of the maximal twosided ideals. We will call an ideal in such a ring R a J-ideal if it is an intersection of maximal (two-sided) ideals. A J-prime is a prime ideal which is a J-ideal, and a ring is J-Noetherian if it satisfies the ascending chain condition on J-ideals. R has J-dimension n if every chain of J-primes has at most n + 1 elements, and n is the smallest integer for which this is true. We call an ideal / in R a Goldie ideal if R/I is a right Goldie ring, and we call I semiprime if it is the intersection of prime ideals. In particular, every J-ideal is semiprime. We will need the following lemma from [26, 1.3 and 1.4]: LEMMA THEOREM 
If S is a right Goldie semiprime ideal, then S is the intersection of a finite number of Goldie prime ideals. IfS
= P 1 Π Π P n = Q x n *
Let R be a ring such that for every simple module S, R/a(S) is Artinian, and such that R is J-Noetherian and of J-dimension d. Suppose in addition that for each J-prime P, R/P is right Goldie and bounded. Then d + 1 is in the stable range for R.
Proof. We first need to note that every J-ideal of R is a finite intersection of J-primes. This is standard in the commutative case, and the proof here is similar, but we will give it for completeness. (It is lifted from the proof of [22, Thm. 87]). If the result were false, then since R is J-Noetherian, there would be a J-ideal I maximal with respect to the property that it is not such an intersection. Since I can not be prime, there are strictly larger ideals A and B with ABQI. For any ideal X, we let /-rad(X) be the intersection of the maximal ideals containing X. If K = /-rad(A) and L = /-rad(j?), then K and L are /-ideals larger than /, and hence are finite intersections of /-primes, so it will suffice to prove that Kf)L = I. If not, since / is a /-ideal, there is some maximal ideal M which contains I but does not contain / Π K, and hence contains neither A nor B. In this case, R = M + A -M + B, so R = R 2 = M 2 + AM + MB + AB, and since AB Q IQ M, R 2 £ M, which is impossible.
From 3.9, it follows that every J-ideal I of R is right Goldie, and the hypotheses of the theorem also imply that R/I is bounded.
(If I = P 1 Π Π P n , where the P t are minimal over I, and Q and Q if (ΐ = 1, , n) are the quotient rings of R/I and R/P^ respectively, then we can identify Q = QiX xQ». If L is an essential left ideal of R/I, the Lf\Q i is essential in R/P i9 and hence contains an essential two-sided ideal in R/P u which can be identified with an ideal B t Q (R/I) Π Q t . The ideal B = B x x x B n is the desired bound.)
We now prove 3.10 by induction on d. As usual we may assume that Jacobson radical is zero, which, by the previous argument, shows that we may assume that R is a bounded semiprime right Goldie ring. Since an essential two-sided ideal is not contained in any minimal /-prime (using 3.9 mildly again), we see that any two-sided essential ideal I, R/I satisfies all of the hypotheses of the theorem and its /-dimension is one less. An application of 3.9 and the induction hypothesis completes the proof.
4* Special results for Krull dimension one* THEOREM 4.1. Let S be a commutative ring of Krull dimension one with a finite number of minimal primes, and R an S-algebra such that for every prime P of S, R P is a finite S P -algebra. Let A be a finitely generated R-module and assume that either A is finitely presented or that S is a domain and A is S-torsion-free. Then 2 is in the stable range for End(A).
Proof Let E = End(-A). If L is the set of elements of S not in any minimal prime then either hypothesis implies that L~ιE = End L -i i2 (L~1A). By 2.3, L~λE is Artinian modulo its radical, and has 1 in the stable range. Following the proof of 3.4, we see that it will suffice to show that if s e L, and T -{t e S: for some x and y in S, tx + sy -1}, then one is in the stable range for T -1 E. Prom 3.3 it is clear that T^S/JiT^S) is zero dimensional, and the hypo-theses imply that T~ιE = Endr-^iT-'A) , so by the proof of [13, Theorem 18] , it follows that one is in the stable range for T~ιE, as desired.
We now remind the reader that there is a theory of Krull dimension for noncommutative rings which agrees with the usual Krull dimension for commutative Noetherian rings, but not, in general, for other commutative rings. For details we refer to [14] . In particular, a ring R has (noncommutative) Krull dimension at most one if for every descending chain of right ideals I λ 2 7 2 S> Ϊ2 I n Ώ, , all but a finite number of the factors I 3 /Ij +1 are Artinian. THEOREM 
If R is a ring with {noncommutative) Krull dimension at most one, than 2 is in the stable range for R.
Proof. As usual we may assume J{R) = 0. By [14, 3.4 ] R is then a semiprime right Goldie ring, so that if ax + by + cz -1, we may use 3.7 and the argument in paragraph two of the proof of 3.4 and assume that aR is essential in R B . By [14, 6 .1] since R is semiprime, this implies that R/aR has Krull dimension zero and hence is Artinian. It will therefore suffice to show that if A is a cyclic Artinian module over any ring R and A = bR + cR then for some r eR, A = (a + br)R. If iζ is the intersection of the maximal submodules of A, then it is easy to verify that A/K is semi-simple and that it will suffice to find an r such that A = K + (a + br)A. We therefore may assume that K = 0, in which case our result is just 3.1. COROLLARY [29] shows that there can arise modules P' in the above situation which are not isomorphic to P.
If R is a ring of {noncommutative) Krull dimension one and P is a finitely generated projective R-module, then one is in the stable range for End(P). In particular, if
J.C. Robson has pointed out that the above result can be used to provide an alternative proof of Stafford's theorem in [28] that if R is a Noetherian domain and for some integer k, M k {R) is a principal left and right ideal ring, then M n {R) is a principal left and right ideal ring for all n ^ 2. We obtain an expanded result (which could also be obtained easily from Stafford's argument). Here M k {R) is the k x k matrix ring over R, and we use the term "Dede-kind ring" in the sense of Robson [27, 6] . For information on principal ideal rings, we refer to [18] . We recall that if R is a left principal ideal ring and right Noetherian, then R is the product of an Artinian ring and prime rings. Since primeness is a Morita invariant, we restrict attention to matrix rings over prime rings. (iv) R is a Dedekind prime ring and for every essential right I there is a finitely generated free module F such that F φ1 is free.
Proof. Each of the conditions implies that R is a Dedekind prime ring. Every Dedekind prime ring is Morita equivalent to a Dedekind domain, so we let D be this domain. Every protective D-module is the direct sum of a free module and a right ideal [6] . Now if D is Morita equivalent to a principal left and right ideal ring, then there is some finitely generated protective module P such that every submodule of P is a homomorphic image of P. If Q is projective of the same rank as P, then Q is a homomorphic image of P only if they are isomorphic. Hence, if k is the rank of P, then R k = R k~ι φ / for every nonzero right ideal /. 4.3 implies immediately that R 2 = R(& I, so that every projective D-module is either free or isomorphic to a right ideal. This immediately implies that for all n ^ 2, M n (R) is a principal ideal ring, and also that every ring Morita equivalent to D is either a domain or a matrix ring over D. This shows the equivalence of (i), (ii) and (iii) in Theorem 4.4. Turning to (iv), given 4.3 this means that for every essential right ideal /, R φ / = R 2 , so (iv) implies (i), and (i) trivially implies (iv). This completes the proof of the theorem.
REMARK. From [40] we know that the Weyl algebra A L is an example of a simple Dedekind ring which is not a principal left and right ideal ring but which has the property that M 2 {A^) is a principal left and right ideal ring. An example which is an order over a commutative Dedekind domain, is in [29] . In the proof of Theorem 3 of [29] , Swan constructs a maximal order A in a quater-nion algebra, with a left ideal P such that P04 = Λ@ Λ and P is not principal. In addition, he shows that the class number of Λ is 2, so that every nonzero left ideal of A is either principal or isomorphic to P. It is clear from this that M 2 (Λ) is a principal left and right ideal ring. Examples of algebras in characteristic p with this property have recently been discovered by V. Jategaonkar [19] . Since each r, is a fraction, we can let r be the product of the denominators times -det(/), and we see that for every xeM, rxe f(M), as desired. (Since / is injective, det(/) ^ 0, so r Φ 0.) THEOREM 
Let R be a principal ideal domain, let E be an R-algebra which is torsion-free and of finite rank over R, and let J be the radical of E. Assume that E = pE for all but a finite number of primes p of R. Then EjJ is an Artinian ring.
Proof Let K be the quotient field of R. E® K is a finite dimensional ϋΓ-algebra, with nilpotent radical N. It is easy to see that N Π E is a nilpotent ideal of E, and E/(N Π E) is an order in (E (x) K)/N, which is an Artinian semi-simple ring. It suffices to prove the result for E/(N ΓΊ E), so we will assume N = 0.
If D is the maximal divisible ϋί-submodule of E, then D is an ideal of E, since it is a fully-invariant iϋ-submodule. Since D can be identified with D® K, D is actually an ideal, and hence a summand, of the ring £7 (x) K. We therefore have a ring decomposition E = fl© E f , where D is semi-simple Artinian, and E f is a torsion-free i?-algebra with no divisible i?-submodules other than 0. Clearly, JQE', and it will suffice to prove that E'/J is Artinian. Let m be the product of the prime elements of R which do not divide E. Since R is a principal ideal domain, if E f has rank k, then every finitely generated i?-submodule of E r can be generated by k elements, so E'/mE' is a finitely generated, Artinian iϋ-module. (If R = Z, E'/mE' is finite of order at most m k .) The result will therefore be proved if we show that J 2 mE f . If x e mE r then 1 -x includes (by right multiplication) the identity map on E'/mE'.
We show that right multiplication by 1 -x is an ϋϊ-automorphism of E'. For convenience, we denote this i?-endomorphism by /. If y e ker(/), and y Φ 0, then there is a y' eE' and an integer n such that ny' -y and y' (mE' (since, otherwise, the iϋ-submodule Ky'ΠE' would be divisible). Since E' is torsion-free, y' e ker(/), which would imply that the induced map on E'/mE' was not one-to-one. This implies that / is injective, so we must show f(E') -E'. Since for every prime p not dividing E' we have E' = pE' + /(£"), by hypothesis, we conclude that E'/f{E') is a divisible module. By the previous lemma, there is a nonzero reR such that r(E'/f(E')) = 0. The only divisible module with this property is 0, so E' = f(E'), as desired. Proof. In case (i), the endomorphism ring of A is a ring of the sort described in Theorem 5.2, so 2.1 and 2.2 prove the result. We prove case (ii) by reducing it to case (i). We first show that in case (ii), C = pC for all primes p 9 p g π. Since (A 0 C)/p(A 0 C) Ã /pA®C/pC, and (AφB)/p(A®B)^A/pA f wesee that either C=pC or A/pA is isomorphic to a proper summand of itself, which is impossible since it is finite. We next let B' and C be the subgroups of B and C consisting of elements of finite order prime to the elements of π. B' and C are torsion divisible groups, and thus summands of B and C. Since A is torsion-free, B' and C are precisely the subgroups of A 0 B and A 0 C consisting of elements of finite order prime to the elements of π 9 so B' = C", and if B = B'®B"
and C=C'®C", we have A@C" ^A®B". We may assume, therefore, that B' = C = 0. In this case, if we localize at π, we have B π = B and C π = C. Since Λφΰ^i.φC π , and A π is torsion-free of finite rank, and is divisible by all primes not in it, we conclude from case (i) that B π = C π , whence B = C.
Case (ii) above, in the special case in which B and C also have finite rank, was obtained by Lady in [24] .
A number of generalizations of the above results and of 5.6 below are possible to torsion-free modules over special classes of domains. We mention only the following, for a non-Noetherian valuation ring, by which we mean a commutative domain whose ideal lattice is a chain. THEOREM 
If R is a valuation ring and E a torsion-free R-algebra of finite rank, then E/J(E) is Artinian.
In particular, every torsion-free R-module of finite rank has the cancellation property.
Proof. If E/J(E)
is not Artinian, then E has homomorphic images which are semi-simple i?-inodules of arbitrary finite length. Now if A is a finitely generated ϋ?-submodule of E, then since R is a valuation ring, A is a free module of rank at most equal to the rank of E as an UN-module. In particular, if M is the maximal ideal of R, then the ϋyM-dimension of A/MA is bounded by the ϋί-rank of E. This property is inherited by homomorphic images, so if k is the rank of E, and N is a jR-homomorphic image of E, and B is a finitely generated iϋ-submodule of N, then B/MB has rank at most k. This implies that in any direct sum decomposition of N as an R-module there are at most k summands. It follows that there is a bound on the length of cyclic, semi-simple ϋ7-modules, which, by our original remark, implies that E/J(E) is Artinian. THEOREM 
If A is a torsion-free Abelian group of rank one, and A is not isomorphic to Z, then A has the cancellation property if an& only if it has the substitution property.
Proof. Fuchs and Loonstra show in [10] that such a group A has the cancellation property if and only if for every positive integer n, every automorphism of A/nA lifts to an automorphism of A. If E is the endomorphism ring of A, then there is an induced ring homomorphism E -> Enά(A/nA) whose kernel is easily seen to be nE. The map E -• End(A/nA) is surjective since every endomorphism of the cyclic group A/nA is given by multiplication by some integer. Hence, if A has the cancellation property, then for every integer n, every unit in E/nE comes from a unit of E. If ax + by = 1 in E then modulo bE, ax = 1, so a is a unit modulo b, and the condition says that for some t e E, a + bt is a unit in E. If a + bt = u then au~ι + btu~ι = 1, so 1 is in the stable range for E, and A has the substitution property.
We remark that examples in [7] show that there are subrings E of the ring of rational numbers which are not Artinian modulo their radicals and which do have 1 in the stable range. These can be used to give a variety of examples of rank one groups with the cancellation property. THEOREM Proof. It suffices to show that 2 is in the stable range for any Z-algebra which is torsion-free of finite rank. As in the proof of 5.2 we see that such a ring E has a nilpotent ideal N such that E/N is a torsion-free ϋΓ-algebra which is semiprime. We may assume N = 0, so that E is semiprime. If I is an essential left ideal of E then I contains a regular element, so I contains a left ideal isomorphic (as a left module) to E. Lemma 5.1 implies that there is an integer n, n Φ 0, with nE £ I. nE is an ideal and E/nE is finite. Since finite rings have one in the stable range (2.2), 3.8 implies that E has 2 in the stable range.
REMARK. The smallest group A known to the author for which such an A! exists which is not isomorphic to A has rank 16. (The existence of such a group follows from Swan's example [29] of a ring A which is free Abelian of rank 16 with a projective module P such that P0/f = Λ0Λas left modules, with P £ Λ. Find the Abelian group A by applying Zassenhaus's existence theorem [41] , and use the correspondence (as in [2] ) between projective Λ-modules and summands of direct sums of copies of A to get the example).
In particular, if A has rank one, then End(A) is a principal ideal ring, so 40A = 4φA' implies A = A'. Combining our result with a special case of Theorem 2 of [2] , we see that if A is a torsion-free Abelian group of rank one, and X and Y are nonisomorphic torsion-free Abelian groups with A0I=4φ7, then neither X nor Y has a summand isomorphic to A, but both must have subgroups of finite index which do have summands isomorphic to A.
For further results on cancellation and related questions for torsion-free Abelian groups of finite rank, it is convenient to localize the category of Abelian groups. We recall that two torsion-free Abelian groups of finite rank are quasi-isomorphic if each isomorphic to a subgroup of the other, or, equivalently (by 5.1) if one is isomorphic to a subgroup of finite index in the other. Walker points out in [36] that this is isomorphism in a new category obtained by taking the torsion-free groups as the objects but by taking for the morphisms the groups [M, N] = Q (x) Έίom z (M, N). Formalizing this, we let ,j^ be the category of torsion-free groups of finite rank, and define J< to be the category with the same objects as *$/ and with morphisms Q 0 Kom z (M, N) . Clearly, we could similarly localize at a prime ideal, defining J^p ) . We give a general definition:
DEFINITION. Let jy be an additive category, and R a commutative ring such that there is an ϋί-module structure on each of the morphism groups J^(X, Y) and such that the composition map ,J^(X, Y)χj*f(Y, Z)-*J&(X, Z) is Ή-bilinear. Then for any multiplicatively closed subset S of R not containing zero we define S~\W to be category whose objects are the same as those of Jϊf and whose morphism groups are defined by
We note that if Jtf consists of finitely presented ^-modules, then this corresponds to the usual localization of the objects, but otherwise the result is quite different. If S consists of all elements of R not in some prime ideal P, then, as usual, we denote S~\Ssf by j*S. Proof. Let S be the set of integers relatively prime to n, and work in the category S~XS^', where J^ is the category of Abelian groups. By the argument of Lemma 5.7, it will suffice to show that if M and N are in the same genus, then they are isomorphic in the category S~ιS$?. Now if X is an object in any additive category in which idempotents split, the functor taking M to Hom(X, M) gives (as before) a category equivalence from the category of summands of finite direct sums of copies of X to the category of finitely generated projective End(X)-modules. We therefore let EEnd(ikf0iV), so that S~XE is the endomorphism ring of M®N in S~\JV, and we must show that M = S-Ήom(Af 0 N, M) and N = S~Ήom(Afφ N, N) are isomorphic as jS~\E7-modules. Since S~λE is an algebra over S~ιZ, which is Artinian modulo its radical, [13, Theorem 4] implies that two finitely presented S'^-modules are isomorphic if they are locally isomorphic-i.e., in this case if M ip) = N ip) for all primes p not contained in S. This follows immediately from the fact that M and N are isomorphic in ._£<",.
Y and W are isomorphic in j#[ p) for all primes p. They are therefore in the same genus, and the result follows from the previous theorem.
REMARK. This theorem and its corollary have been generalized slightly to modules over orders over certain Dedekind rings by Arnold in [1] . Starting from this result, Goodearl [12] studies a generalization of the stable range conditions of this paper, and concludes that in 5.10, the finite rank condition on Y and W can be dropped.
We recall that a complex torus of complex dimension n is an analytic group of the form C n /L where L is a lattice in C n and is therefore a free Abelian group of rank 2n. If A = C*/L and B -C m /M then we recall [32, Thm.32 ] that Ή.om (A, B) , the set of analytic group homomorphisms, is exactly the set of holomorphic maps preserving the identity, and can be identified with those elements of Hom^(L, M) which extend to C-linear maps C n -*C m . It is easily verified that the category of complex tori is an additive category with cokernels in which idempotents split, and such that the homorphism groups are all finitely generated torsion-free groups. If A is an object in an additive category in which idempotents split, and E -End(A), the functor taking X to Hom(A, X) gives an equivalence of categories between the category of summands of finite direct sums of copies of A and the category of finitely generated projective JS?-modules. Just as in the previous work in this section, given two complex tori A and B, any question about whether A is a factor of B or of a product of copies of B or whether for some integer n, A n = B n , becomes a question about projective modules over End(Ax J5). To draw conclusions about these projective modules we can proceed in two ways. Since any finitely generated torsionfree ^-algebra is the endomorphism ring of a torsion-free group [40] , the theory can be reduced to Abelian group theory. On the other hand, since we can factor out the nil radical without loss when dealing with projective modules, we can assume that Eξ$Q is a semi-simple Q-algebra, thus reducing the theory to classical results on orders. Most of the above theorem follows immediately from the preceding remarks. We regard the stated interpretation of the notion of genus as obvious. The fact that if a torus has complex dimension one then its endomorphism ring is commutative follows from the fact that it is a subring of the ring of complex numbers, and the result on cancelling tori with commutative endomorphism ring follows from Vasconcelos's result [33, 1.5 ] that if R is a commutative ring and R@R~R@I then R = I.
